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Abstract: Resonant ultrasound spectroscopy is a non-destructive technique for determining 
the elastic constants of a material. In the context of thermoelectric materials, elastic 
constants can be used to investigate the speed of sound and, thus, the lattice thermal 
conductivity of a substance. For Mg2Si-Mg2Sn solid solutions, a possible connection 
between shear modulus and band convergence can be assumed in that way. Moreover, the 
rather low speed of sound in this system points towards a high contribution of optical 
phonons to thermal conductivity. Additionally, significant resonance frequency shifts are 
observed during natural aging of technical Al-Cu-Mg and Al-Mg-Si alloys, which are 
proposed to assist investigation of the early stages of clustering in the future. 
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1.  INTRODUCTION 

Elastic constants are fundamental parameters of materials which characterize the 

elastic response of a solid to external forces. They can be used to assess possible 

structural applications and technical limitations of materials and, besides, are 

intimately linked to thermodynamic quantities such as specific heat and others such 
as the speed of sound. Determining elastic constants, particularly if the term is 

understood as components of the elastic tensor [Lovett 1990], is however a non-

trivial task. 
A modern, non destructive approach to determining elastic constants is 

resonant ultrasound spectroscopy [Maynard 1996]. It allows for extracting the full 

elastic tensor if single crystals are used and, anyhow, the elastic modulus C11 as 
well as the shear modulus C44 if polycrystalline, i.e. isotropic materials are used. In 

the following the method of resonant ultrasound spectroscopy is described in more 

detail and two timely applications are presented. Elasticity of thermoelectric 
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Mg2Si-Mg2Sn solid solutions is investigated based on results previously published 

in [Klobes et al. 2019]. Additionally, it is argued that resonant ultrasound 

spectroscopy may be a complimentary technique for investigating the early stages 
of precipitation in aluminum alloys. 

2.  RESONANT ULTRASOUND SPECTROSCOPY 

Elastic constants of solids can be determined in different ways with resonant 
ultrasound spectroscopy (RUS) rather uniquely combining a non-destructive 

approach with (potential) access to the complete elastic tensor. 

The schematic diagram of a basic experimental RUS setup is shown in Fig. 1. 
A sample of a usually known and well-defined shape is sandwiched between two 

piezoelectric transducers, which serve as an ultrasound emitter and transceiver, 

respectively. As even in the case of mechanical resonance, ultrasound is strongly 

damped by transmission through the sample, a lock-in amplifier [Meade 1983], 
which is also connected to the exciting function generator, is used to extract the 

transmitted signal. By determining the in- and out-of phase components, X and Y, 

resonance frequencies can be clearly observed. An experimental RUS spectrum of 
one of the thermoelectric samples discussed in section 3 is shown in Fig. 2 and 

highlights the unambiguousness of resonance frequencies. 

 

 
 

Fig. 1. Schematic measurement setup of resonant ultrasound spectroscopy. A sample  
is mounted between two piezoelectric transducers used as transmitter and receiver, 

respectively. A lock-in amplifier serves as the central element and determines whether  
a certain ultrasonic frequency is transmitted through the sample. Displaying in-phase  

and /2-phase shifted components, X and Y, vs. frequency f yields the resonance spectrum 
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The calculation of mechanical resonance frequencies of a sample with volume 

V and free surface S is usually based on the Lagrangian formalism, i.e., on the 

minimization of the Lagrangian 
 

 
 

where  is the mass density,  is the angular frequency,  is the ith 

component of the displacement vector with respect to the coordinate system, and 

 is the elastic tensor. The first and second term of the Lagrangian represent 

kinetic energy and the potential energy, respectively. Expanding the displacement 

vector in a complete set of functions , i.e. , and calculating the 

stationary points of the Lagrangian with respect to the coefficients , an 

eigenvalue equation is obtained which contains resonance frequencies and 

corresponding normal modes of the solid. A more detailed account of the 
theoretical background of RUS is beyond the scope of this manuscript (see Refs. 

[Migliori and Sarrao 1997] and [Zadler et al. 2004] for a more comprehensive 

introduction instead); it is, however, noteworthy that in the case of samples 
featuring a rectangular parallelepiped-shape comparatively simple solutions to the 

minimization problem can be derived. In any case, resonance frequencies can be 

calculated if sample dimensions, sample mass, elastic constants, and the 

crystallographic orientation with respect to the sample surfaces are known. 
 

 
 

Fig. 2. Representative RUS spectrum. In most cases, resonance frequencies can be easily 
distinguished from background contributions 
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In contrast, determining elastic constants from experimentally observed 

resonance frequencies is an inverse problem with no unique solution. Thus, elastic 

constants are often fit using a non-linear least squares algorithm (for an actual 
implementation see [Le Rousseau, Watson and Freeman 2015]), in order to find an 

optimal match between calculated and observed resonance frequencies. 

3.  ELASTIC CONSTANTS OF MG2SI-MG2SN SOLID SOLUTIONS 

Recovering waste heat of industrial or other processes is an essential measure for 

increasing energy efficiency. Among the different approaches for waste heat 

recovery, thermoelectric energy generation is particularly promising as it requires 
no moving parts [Goldsmid 2016]. 

Thermoelectric energy generation is routed in the diffusion of charge carriers 

due to temperature gradients. The thermoelectric figure-of-merit 

 of thermoelectric materials, where  is the Seebeck coefficient,  is 

the electrical conductivity,  and  are the electronic and lattice parts of the 

thermal conductivity, and  is the temperature [Goldsmid 2016], illustrates that 

well performing thermoelectric materials need to exhibit conflicting transport 
properties. 

A popular strategy in thermoelectric materials development and science is thus 

the reduction of thermal conductivity without decreasing the Seebeck coefficient or 

electrical conductivity. This can be achieved by introducing phonon scattering 
centers such as grain boundaries, guest atoms in empty crystallographic sites, or 

mass fluctuations, amongst others. The former two approaches eventually lead to 

nanocomposite materials with nanometer-sized grains [Liu et al. 2012] and rattling 
atoms in host-guest structures, e.g. skutterudites [Toberer, Zevalkink and Snyder 

2011]; the latter one can be simply obtained in solid solution phases [Toberer, 

Zevalkink and Snyder 2011]. 
Solid solutions based on Mg2Si and Mg2Sn exhibit favorable ZT values 

competitive with the thermoelectric gold standard PbTe, not least due to low 

thermal conductivity, and are inexpensive, abundant and non-toxic, which in total 

renders this material system highly interesting for applications. Moreover, the high 
thermoelectric figure-of-merit found in Mg2Si1-xSnx was associated with  

a convergence of electronic bands, which raises the question of potential band 

structure effects on elastic and vibrational properties. To some extent, this question 
was addressed in Ref. [Klobes et al. 2019] and the results published in the 

aforementioned reference are summarized in the following. 

Thus, elastic constants of polycrystalline Mg2Si1-xSnx were investigated at 

room temperature using RUS and the results for C11 and C44, which can be 
associated with Young’s modulus and shear modulus, are summarized in Tab. 1. 
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Additionally, the longitudinal, vL, transversal, vT, and average speed of sound, vS, 

were calculated, which are also shown in Tab. 1. The calculations were carried out 

using  and  [Anderson 1963], where  is 

the sample mass density. Both elastic constants as well as the different speed of 

sounds decrease with increasing Sn content, which is in line with the higher elastic 

constants of Mg2Si compared to those of Mg2Sn. At the same time, the decrease of 
the shear modulus is much more pronounced than expected, which might indicate 

an actual effect of band convergence close to Mg2Si0.4Sn0.6. 

 
Table 1. Elastic constants C11 and C44 as well as calculated longitudinal, vL, transversal, vT, 
and average speed of sound, vS. of some Mg2Si-Mg2Sn solid solutions. Additions of Sb and 

Bi tune electrical properties and negligibly affect vibrational properties. This data was 
previously published in a different form in Ref. [Klobes et al. 2019] 

 
With respect to thermal conductivity, the average speed of sound can be used 

to estimate the lattice contribution to thermal conductivity, , within a simple 

Callaway model using  [Callaway 1959], where  is the specific heat 

and  is the phonon relaxation time. Such calculations (for details cf. [Klobes et al. 
2019]) yield lattice thermal conductivities of around 1.5 W/m/K which is only 

about 60% of experimentally determined values [Dasgupta et al. 2014]. As the 

Callaway model takes into account solely acoustic phonons, it is possible to 

conclude that optical phonons play a significant role for thermal conductivity in 
this system. 

4.  RESONANCE SHIFTS DURING AGING OF ALUMINUM ALLOYS 

Aluminum alloys have been used as structural materials for more than a century 
and, despite increasing competition with, for example, composite materials, 

continue to be used in weight critical contexts such as in aircraft construction. 

Particularly in the latter case, age hardenable aluminum alloys are used, which 

obtain their high strength characteristics by means of age hardening. Usually,  

Sample C11 (GPa) C44 (GPa) vL (m/s) vT (m/s) vS (m/s) 

Mg2Si0.79Sn0.2Sb0.01 112(2) 44.5(5) 6990(60) 4404(25) 4850(70) 

Mg2Si0.49Sn0.5Bi0.01 95(1) 36.3(0.5) 5910(30) 3655(25) 4030(60) 

Mg2Si0.44Sn0.55Bi0.01 94(1) 33.7(0.5) 5870(30) 3514(26) 3890(60) 

Mg2Si0.39Sn0.6Bi0.01 86(2) 29(1) 5600(70) 3250(60) 3610(50) 



Elastic Constants by Resonant Ultrasound Spectroscopy – 

Application to Thermoelectrics and Aluminum Alloys 

Scientific Journal of Gdynia Maritime University, No. 112, December 2019 65 

a supersaturated solid solution of the alloy is quenched and subsequently aged at 

potentially elevated temperatures in order to facilitate precipitate formation in the 

system [Anderson, Weritz and Kaufman 2018]. Depending on the aluminum alloy 
system, different metastable phases develop which hinder dislocation movement 

and, thus, harden the material. 

 

 

Fig. 3. Vickers hardness of an aluminum alloy AA2024 during natural aging. Each point 
represents the average of at least 6 individual measurements/indents. This data has been 

previously published in Ref. [Klobes, Maier and Staab 2011] 

 
In the aerospace sector, age hardenable Al-Cu-Mg (belonging to the AA2000 

designation) and Al-Mg-Si (the AA6000 designation) alloys are often applied.  

Al-Cu-Mg alloys are usually stored at room temperature (so called natural aging) in 
order to produce high strength, whereas Al-Mg-Si alloys are aged at elevated 

temperatures at around 180°C (so-called artificial aging). Fig. 3 exemplifies the 

impact of age hardening on aluminum alloys and shows a Vickers hardness 

measurement during natural aging after quenching the Al-Cu-Mg sample from 
about 560°C to room temperature. 

Despite their long history, aluminum alloys are still intensively investigated 

due to arguably two reasons: Firstly, precipitation sequences have turned out to be 
more complex than expected [Yan 2014] and, secondly, the investigation of the 

very early stages of precipitation and solute cluster formation is still challenging or 

hardly possible. The size of solute clusters, which can contain only very few atoms, 
renders their detection and description very difficult (and at the cost of intensive 

sample preparation which likely alters the microstructure) or even impossible. 

Additionally, aluminum alloys containing Mg and/or Si as alloying elements suffer 

from the vanishing contrast between those neighbors in the periodic table, i.e. the 
small difference between Mg, Al, and Si in terms of atomic number. Eventually, 
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discriminating between Mg, Al, and Si contributions in such alloys can also be 

very difficult if probes such as photons or electrons are used. However, in recent 

years, some progress has been made using positron annihilation spectroscopy 
[Banhart et al. 2010; Klobes, Maier and Staab 2011], x-ray absorption spectroscopy 

[Klobes, Staab and Dudzik 2008; Petschke et al. 2018], and small angle scattering 

techniques [Ivanov, Deschamps and De Geuser 2017]. 
 

 
Fig. 4. Relative frequency shift of an arbitrarily selected, yet representative resonance 

frequency measured for an AA2024 and AA6013 sample. Error bars are smaller  

than the symbol 

 

Within this context, RUS is proposed as a complimentary technique for the 
investigation of early stages of precipitation and cluster formation in aluminum 

alloys. Fig. 4 shows the relative frequency change of a specific (yet representative) 

resonance frequency of two AA2024 and AA6013 samples. During natural aging, 

i.e. room temperature storage, and continuous measurement the selected resonance 
frequency shifts towards higher values. Considering the hardness increase during 

aging, this frequency increase is somewhat expected as it reflects the increase of 

elastic constants. For the Al-Cu-Mg alloy AA2024 however, there is a significant 
increase during the very first three minutes of aging which is not reflected by the 

hardness measurements. Notably, this increase is not due to systematic noise and is 

not caused by outliers as it can be repeatedly measured for similarly prepared 
samples. Although the increase of resonance frequency does not facilitate a direct 

microscopic interpretation, it clearly shows that the first three minutes constitute  

a separate aging state from an elasticity perspective. For comparison, the strong 

increase starting at about 100 min is clearly reflected by the hardness increase in 
Fig. 3. In the future, such measurements may be complemented with ab-initio 
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calculations of the elastic constants due to different clusters, in order to determine 

exactly which kind of clusters give rise to such an increase. 

5.  CONCLUSIONS 

Resonant ultrasound spectroscopy has been applied to investigate thermoelectric 

Mg2Si-Mg2Sn solid solutions and aluminum alloys AA2024 and AA6013. 

It has been found that both elastic constants as well as the speed of sound 
decrease with increasing Sn content. The determined speeds of sound yield rather 

low values for lattice thermal conductivities in a Callaway model, which points 

towards a significant contribution of optical phonons to lattice thermal 
conductivity. 

In age-hardenable aluminum alloys, an increase of resonance frequencies can 

be observed during natural aging, which is in line with hardness increase during 

that process. In Al-Cu-Mg based AA2024, a first aging stage in the very first 
minutes of aging can be observed. This may be utilized as a complimentary 

technique in future aging studies. 
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